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Abstract. A hypergeometric type equation satisfying certain conditions defines either a fi- 
nite or an infinite system of orthogonal polynomials. We present in a unified and explicit way all 
these systems of orthogonal polynomials, the associated special functions and the corresponding rais- 
ing/lowering operators. This general formalism allows us to extend some known results to a larger 
class of functions. 
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1. Introduction. Many problems in quantum mechanics and mathematical physics 
lead to equations of the type 

(1.1) a( S )y"(s)+T(s)y'(s)+\y(s)=Q 

where cr(s) and r(s) are polynomials of at most second and first degree, respectively, 
and A is a constant. These equations are usually called equations of hypergeometric 
type P|, and each can be reduced to the self-adjoint form 

(1.2) [a(s)g(s)y'(s)]' + Xg(s)y(s) = 

by choosing a function g such that [a(s)g(s)]' — r(s)g(s). 

The equation Ijl.lfl is usually considered on an interval (a, b), chosen such that 

a(s) > for all s e (a, b) 

(1.3) g{s)>0 for all s e (a,b) 
lim^Q cr(s)g(s) = lim s _ b cr(s)g(s) = 0. 

Since the form of the equation (|l.ll) is invariant under a change of variable s i— ► cs + d, 
it is sufficient to analyse the cases presented in table []~T1 Some restrictions must be 
imposed on a, (3 in order for the interval (a, b) to exist. 

The equation (|1.1J) defines either a finite or an infinite system of orthogonal poly- 
nomials depending on the set of all 7 G R for which 

lim er(s)g(s)s 7 = lim a(s)g(s)s' y = 0. 

A unified view on all the systems of orthogonal polynomials defined by 1)1. If) was 
presented in (Uj. We think that certain results known in particular cases can be 
extended to a larger class of functions by using this general formalism, and our aim 
is to present some attempts in this direction. 

The literature discussing special function theory and its application to mathemat- 
ical and theoretical physics is vast, and there are a multitude of different conventions 
concerning the definition of functions. Since the expression of the raising/lowering 
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Table 1.1 
The main particular cases 



a(s) 


t(s) 




a, (3 


(a, 6) 


1 


as +(3 


e as 2 /2+l3s 


a<0 


(—oo, oo) 


s 


as+[3 


s 0-l e as 


a<0, /3>0 


(0,oo) 


1-s 2 


as+/3 


(l + s )-(«-/3)/2-l/ 1 _ g \-(a+/3)/2-l 


a </3 < —a 


(-1,1) 


s 2 -l 


as+/3 


( s+ l)("-/3)/2-l( s _l)(«+/3)/2-l 


—f3<a < 


(1,00) 


s 2 


as+P 


s a-2 e -/3/s 


a<0, /3>0 


(0,oo) 


s 2 + l 


as+/3 


^2 ^2^a/2 — 1^/3 arctan s 


a < 


(— oo, oo) 



operators depends directly on the normalizing condition we use, a unified approach 
is not possible without a unified definition for the associated special functions. Our 
results are based on a definition presented in section 2. The table 11.11 allows one 
to pass in each case from our parameters a, (3 to the parameters used in different 
approach. For classical polynomials we use the definitions from [9]. 

2. Orthogonal polynomials and associated special functions. In this sec- 
tion we review certain results concerning the systems of orthogonal polynomials de- 
fined by equation l|l.l|l and the corresponding associated special functions. It is 
well-known J2J that for A = Aj, where 

(2.1) A; = -^-^-1(1- 1) ~t'{s)1 leN 

the equation p. 1(1 admits a polynomial solution = \|/j a '^ of at most I degree 

(2.2) < 7(s)*{ / +r(a)*{ + Ai*,=0. 

If the degree of the polynomial is I then it satisfies the Rodrigues formula 

(2-3) *l( S ) = ^-^(8)0(3)] 

g{s) as 1 

where Bi is a constant. We do not impose any normalizing condition. Each polynomial 
is defined only up to a multiplicative constant. One can remark that 

(2.4) Urn a(s)g(s)s 7 = lim a(s)g(s)s 1 —0 for 7 S [0, 00) 

s— >a s— >5 

in the case a(s) S {1, s, 1 — s 2 }, and 

(2.5) lim cr(s)g(s)s 1 = lim u(s)p(s)s 7 = for 7 g [0, — a) 

s—>a s—>b 

in the case cr(s) £ {s 2 — 1, s 2 , s 2 + 1}. Let 



(2.6) A = 



l-a 
2 



for a(s) € {1, s, 1 - s 2 } 

for ct(s) G {s 2 - 1, s 2 , s 2 + 1}. 
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PROPOSITION 2.1 ([HI El)- a) {^i \ I < A} is a system of polynomials orthogonal 
with weight function g(s) in (a, b). 

b) "f/ is a polynomial of degree I for any I < A. 

c) The function ^i(s)y/ g(s) is square integrable on (a, b) for any I < A. 

d) A three term recurrence relation 

s^i(s) = a/* m (s) + A^iO) +7i*i-i(s) 
is satisfied for 1 < I + 1 < A. 

e) The zeros of^i are simple and lie in the interval (a, b), for any I < A. 

The polynomials \S^ a '^ can be expressed in terms of the classical orthogonal 
polynomials but in certain cases the relation is not very simple. 
Proposition 2.2 ( 6 ). Up to a multiplicative constant 

P 



Hi 



-2a 



r/3-l 



(—as) 



(2.7) * ( l a ' (3 \s) = i 



P 



(-(q+/3)/2-1, (_ a+ /3)/2-l) 



P 



I is) 

((o-/9)/2-l, (q+/3)/2-1). 



'(-*) 



(f)V Q - 2 '(f) 

■J p ((o+i/9)/2-l, (a-i/3)/2-l) 
3 (P. 9) 



(ifi) 



if 


a(s) 


= 1 




if 


a(s) 


= ,s 




if 


a(s) 


= 1 - 


s 2 


if 


a(s) 


= s 2 


- 1 


if 


o~(s) 


= s 2 




if 


a(s) 


= s 2 - 


f 1 



where H n , and Pii are the Hermite, Laguerre and Jacobi polynomials, respec- 
tively. 

Let I £ N, I < A, and let m S {0, 1, I}. By differentiating the equation (|2.2(l m 
times we obtain the equation satisfied by the polynomials tpi,m — j-zt^i, namely 



(2. 



V^Wl'm + [ T ( s ) + m(7 '{s)Wl m + (A; - X m )lpl,m = 0. 



This is an equation of hypergeometric type, and we can write it in the self-adjoint 
form 



(2.9) 



[a(s)g m (s)^[ m ]' + (A/ - \ m )Qm{s)ipi, m = 



by using the function g m (s) = a m (s)g(s). 
Definition 2.3. The functions 



(2.10) 



*i,m(s) = K m (s)—^i(s) where n(s) = yV(>) 



1 6 N, ( < A and m G {0, 1, I}, are called the associated special functions. 
The equation 1)2.8(1 multiplied by K ,n (s) can be written as 

(2.11) H m ^Lm = Xl^i, m 

where H m is the differential operator 



, , d 2 , . d m(m-2) (a' is)) 2 
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„x mT(s)a'(s) 1 , „. „. . .. , 

(2.12) + , ) x ~ »m(m - 2)g // (a) - mr'{s). 

2 0"(s) 2 

Proposition 2.4 (0). For eac/i m < A, Z/ie functions ^i, m with m < I < A 
are orthogonal with weight function g(s) in (a, 6). 



0^ ^i,m{s)^J q{s) is square integrable on (a, b) for < m < I < A. 
TTie </iree <erm recurrence relation 

(2.13) *;,™+i(s) + (jQ + 2(m - 1)k'(s)^ *i, m (s) + (Aj - A m _i)tf Iim _i(*) = 
is satisfied for any I < A and any m£{l,2, ...,1-1}. In addition, we have 

(2.14) + 2(1 - + (A/ - A,_i)*i,i_i(«) = 0. 

For any Z G N, I < A and any m € {0, 1, Z — 1}, by differentiating (|2.1U|) . we 
obtain 

fi d™ 1 d m + 1 



that is, the relation 



which can be written as 



(2.15) ( K ( S ^ ~ TOK '( S )) *',™( s ) = *J,m+i(s)< 

If m € {1, 2, Z — 1} then by substituting (|2.15f) into l|2.13f) we get 

d t(s) \ 
k ( s )t" + -H + ( TO " 2 ) K '( S ) + ( A * - X m -l)Vl,m-l(s) = 



ds k(s) 



that is, 



(2.16) - jjy - ("» - !)«'(«) J *i,m+i(s) = (A ; - A m )tf,, m (a). 

for all m € {0, 1, Z — 2}. From (|2.14l) it follows that this relation is also satisfied for 
m = I — 1. 

The relations l|2.15|l and i|2.16[l suggest we should consider the first order differ- 
ential operators |S] 

(2.17) A m = - mn'{s) A+ = -«(*)-£■ - ^fi- - (m - I)k'(s) 

ds ds K(s) 

for m + 1 < A. 

Proposition 2.5 (0 HBO El) VKe kw 

(2.18) A m ^i im = *i, m +i A+*;, m+ i = (A/-A m )*J,m /or 0<m<kA. 
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(2.19) *,, m = - A \ - A \ +1 ... - ^ fr M /or 0<m<Z<A. 

A; — A m A/ — A m+1 A; — Aj_i 



(2.20) ||*j,m+i|| = a/Aj- A m ||*,, m || for < m < I < A. 

(2.21) H m - A m = A+ A m H m+ i - A m = A m A+ for m+KA 

(2.22) H m A+ = A+H m+ i A m H m = H m+i A m /or m + KA. 

From (|2.18|l . (|2.19|l and (|2.2(J|) it follows that the normalized associated special 
functions 

(2.23) >!'/ ,„ "' 



satisfy the relations 

^m$I,m = \/ A; — Am^m+i 



(2.24) A+f ;, ro+ i = - \ m Vl, m 

\/A/ — A m — A m+ i ^/A; — A;_i 

3. A group theoretical approach based on projection method. The sys- 
tem of functions "I^m is the projection of the system of functions PP 

(3.1) |Z, m) : (a, b) x [-tt, tt] — * C |/, m) = e im ^ m 
orthogonal with respect to the scalar product 

(3.2) (F,G) = -^=[ [ F(^p)G(s,<p)Q( S )dsd<p. 



More exactly, we can identify each function "J^m with the restriction of \l-,m) to the 
subset (a, 6) x {0}. By using the relation 

d 

(3.3) — — \l, m) = im \l, m). 

dip 

obtained directly from definition (|3.1I) . and l|2.24l) we get 

(3-4) \ ' 

e ~ iv {- K lk + ™% ~ 5 + 2k 'J I 2 ' m + !) = \/A/ - A m |Z, m). 

These relations suggest we should consider the first order differential operators 
(3.5) L _ = W£-£+2k') 



r _ :9 
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satisfying the relations 



L+\l, m) = VA; - A m ||, m + 1) 



LJ[l,m) = y/Xi- X m -i \l,m- 1) 
Lq\1, m) — m\l, m). 

One can remark that L + \l, I) = and 
(3-6) \l,m) = \ \ • • • 1 (L-) l -™\l,l) 

VAJ — A m ^ A; — A m+ i y M~ 

for all m € {0, 1, 2, I — 1}, but, generally, L_|Z, 0) ^ 0. For example, in the case of 
Legendre polynomials k(s) — vl — s 2 , r(s) = —2s and 



(3.7) 



whence 



(3.8) (L_) m |l,0) = (-l) m e- im *'*i )m = (-l) m |i J m) for all m G {1,2, ...,/} 

and (L_)' +1 |/,0) = 0. The (21 + l)-dimensional vector space spannied by the set 
{ (L-) q \l, I) | q E {0, 1, 2, 21} } is invariant under the action of L + , L_ and Lq. 
The operators defined by (|3.5() satisfy the relations 

(3.9) [L ,L±]=±L± 
and 

[L+,L-] = (-t' + 2kk" + 2k' 2 )I + i{2kk" + 2k' 2 )-J^ 

—al for a(s) G {1, s} 



(3.10) 



2 (i - 2±2l) for a(s) = 1 - ,s 2 
-2 (L + a=2l) for a(s) G {s 2 - 1, s 2 , s 2 + 1}. 



The Lie algebra C generated by L + and L— is finite dimensional. 
Theorem 3.1. 

Heisenberg — Weyl algebra if cr(s) G {1, s} 
£ is isomorphic to ^ su(2) i / cr(s) = 1 — s 2 

su(l,l) if cr(s) G {s 2 -l, s 2 , s 2 + l} 



Proof. If a(s) G {1, s} then the operators K + = ^/—l/aL + and if_ = -y'-l/al- 
satisfy the relations 

[#+,#-]=-! [I,*T±] = 0. 

In the case a(s) = 1 — s 2 the operators K+ = L+, K- = L- and Kq = Lq — ^y^I 
satisfy the relations 

[K+ , Jf_] = 2K [K 0l K ± ]=±K ± . 
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If cr(s) G {s 2 — 1, s 2 , ,s 2 +l} the operators K + = L + , K_ = L_ and K = L -+ 
satisfy the relations 

[K + ,K_] = -2K Q [K , K ± ] = ±K ± . D 
In the case <r(s) = 1 — s 2 , the functions \l,m) satisfy the relations 

K \l,m) = (& + m - I) \l,m) for tog {0, 1, 1} 



K + \l,m) = J(l - m)(l + m- a - 1) \l,m+ 1) for mG{0, 1, ... ,1 - 1} 

(3.11) 

if_|Z,m) = v(/ - to + 1)(Z + m - a - 2) \l,m - 1) for me{l,2,...,i} 

C|/,m) = $($+l)|/,m) for me{0,l,..,i} 

where C = K-K + + Kq(Kq + I) is the Casimir operator of su{2) and $ = I — % — 1. 
In the case <r(s) € {s 2 — 1, s 2 , s 2 + 1}, the functions \l,m) satisfy the relations 

Ko\l,m) = ($ + m — l)\l,m) for tog{0, 1, 1} 



K+\l,m) = J(m - l)(m + 1 + a - l)|/,m+l) for toG{0, 1, I - 1} 

(3.12) 

K-\l,m) = ^/(m- I - l)(m + l + a - 2) |Z,to- 1) for toG{1, 2, 1} 

C\l,m) = -$($ + l)\l,m) for toG{0, 1, 1} 

where C = K-K + — Kq{Kq +1) is the Casimir operator of su(l, 1) and $ = Z + # — 1. 

4. Some systems of coherent states. In this section we restrict us to the case 
a(s) G {1, s, 1 — s 2 }. For each m G N, the sequence ^m,™,, 'J'm+i,™, ^-ro+2,mi ••■ is an 
orthonormal basis in the Hilbert space 



(4.1) H=iip:(a,b) — >C / \i(j{s)\ 2 g(s)ds < oo 
with the scalar product given by 

(4.2) (V>i,^ 2 >=/ Vi(s) ff(s)ds. 
The linear operator defined by (see figure |4~T|) 

(4.3) U m : H — ► H U m ^i, m = *i+l,m+l 
is a unitary operator, the operators 

(4.4) a m = U+A m a+ = A+U rn 
are mutually adjoint, and 



*m 1 l.ra 



y/Xi - A m *z_i, m for Z>m+1 

TO 



(4.5) a+4'; irn = \J\i+i - X m *z+i,m for 

m = / m for I > TO. 

' V(A ; -A m )(A,_ 1 -A m )...(A m + i-A m ) 
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3.3 



Fig. 4.1. The operators Am, A%i, am, Dm and U m relating the functions \Pj . 



Since 

(4.6) a m a^^ m = (Aj+i - X m )^i,m a+a m *i, TO = (A; - A m )*j, r , 
we get the factorization 

(4.7) H m — A m = a m a m 
and the relation 

(4.8) [dm, 0+]f j, m = (A/+i - Ai)*i,m- 
By using the operator 



(4.9) Rm - * 

the relation (|4.8|l can be written as 

(4.10) [o+,o, 
Since 



t -<j"l-a~ 

Rm*l,m — ^ *Z,m 



-2i?„ 



(4.11) 



it follows that the Lie algebra C m generated by {a m , a m } is finite dimensional. 
Theorem 4.1. 



£ m is isomorphic to 



Heisenberg — Weyl algebra for a(s) €E {1, s} 



, su(l, 1) /or cr(s) = 1 — s 2 

Proof. In the case cr(s) S the operator R m is a constant operator, namely, 

R m = — a. Since a < 0, the operators P + = y/— lja a m , P_ = ^/—l/aa m and the 
identity operator I form a basis of C m such that 



[P+,P-] 



[I,P±] = 
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that is, C m is isomorphic to the Heisenberg-Weyl algebra h(2). 

If er(s) = 1 — s 2 then K + = a+ , K_ = a m and K = R m form a basis of C m such that 

KJ\ = -2K [K , K±] = ±K±. □ 

In the case a(s) = 1 — s 2 , the functions ^ m ,m, &m+i,m> *m+2,m, -i satisfy the 
relations 



(4.12) K V lim = (l - |) 



(4.13) ^+*i,m = V(i-m + l)(i + m-a) §j+i >r . 



(4.14) z.m - VG - + m - 1 - a) *,_ ljm 

(4.15) C¥,, ro = - (f - ™) (I - m + l) 

where C = K-K+ — Kq(Kq + I) is the Casimir operator of su(l, 1). If we denote 

(4.16) E = m-^ = -<S> |$, n) = * m+n , m 
then the above relations can be written as 

(4.17) K \$,n) = (E + n)\$,n) 



(4.18) K+\$,n) = y/($ + E +n + l)(E a - $ + n) |$, n+1) 



(4.19) K-\$,n) = V(* + S + n)(£ - $ + n - l)|$,n - 1) 

(4.20) C|$,n) =-$($ + 1)|$, n). 

and show that |3JE], in case a(s) — 1 — s 2 , the representation of su(l, 1) defined by 
H4.5fl in Ti is the irreducible discrete representation D + {% — ny. 

Let to € N be a fixed natural number. The functions |0), |1), |2), • • • , where 

(4.21) |n) = * m+ „, m 
satisfy the relations 

a m \n) = yfe^\n - 1) 

(4.22) a+\n) = ^e^\n + l) 

(H m - X m )\n) = e n \n) 



where 

(4.23) e„ = \ m +n ~ — 



—an if a(s) £ 

n(n + 2to — a — 1) if cr(s) = 1 — s 2 . 



Some useful systems of coherent states can be defined |2] by using these relations, the 
confluent hypergeometric function 

1 z 1 ^ 2 1 ^ 3 

(4.24) F 1 ( c;z ) = i+ + 



cl! c(c+ 1)2! c(c+ l)(c + 2) 3! 
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and the modified Bessel function 

(4-25) j^) = f 7 ^V : where W = E iM ZiT - 

2 sin(i/7r) n! 1 (1/ + n + 1) 

x 7 n— 7 

Theorem 4.2. If a(s) G {1, s} tten { |z) | 2 S C}, w/iere 

2 OO n 

(4.26) | 2 ) =e ^£— ^_|n> 

„=o V« ! (-«)" 

is a system of coherent states in TL such that 

(4.27) (zlz) = 1 a m |z) = z|z) and — == / d(Rez) dfimz)\z){z\ = I. 
6J Ifcr(s) — 1 - s 2 t/ien { |z) | 2; e C} 7 u;/iere 



(4.28) |z) = ^r(2m-a)^ 



„ =0 y/n\ T(n + 2m-a) 
is a system of coherent states in 7i such that 

(4.29) (z\z) = o^i (2m - a; \z\ 2 ) a m \z) = z\z) and I dfi(z) \z){z\ = I 
where 

Aj2m-a 

(4.30) <f/x(z) = ? -K !i±1 (2r)drde and z = re ie . 

7rr(2m — a) 2 

The proof can be found in [3] El (different notations are used for some parameters). 
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